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nee with the wishes of many teachers. It con- 
ists merely of a reprint from our complete “Text-book of 


of together witl 


h a small collection of 
DO Miscel! 


and the easy exercis 


be found that 
throughout the 


text provide sufficient practice for beginners. Teachers 





iy who require more examples and problems will find a large 


ber, carefully arranged and classified, on pages 87119 


'* 





EUCLID’ 5 ELEMENTS. 


: Pe 
BOOK I, 


point is that which has position, but no mag- 


A line is that which has length without breadth. 
extremities of a line are points, and the intersection of two 


Hors. Euclid mgsris © point seni SO 
erefor attaches to it no idea of size and 






















Pa we 
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i » 
4 DEFINITIONS. 
cf two straigifil ge 7 
but ote rm, 7. When a straight line standing on 
not @ nother straight line makes the adjacent 

Fangles equal to one another, each of the an- 

§ lex is called a right angle; and the straight 

the arms of the #3 ne which stands on the other is called a 


perpendicular to it. 


= 
are at one t F 
ered by ts tenn of ae on é ; : 8. An obtuse angle is an angle which 
the vertex is put between the ‘s greater than one right angle, but less 
the ie} 


Straight lines OA, OB, Oc , two right angles. 


9. An acute angle is an angle which is ™ 
hae sless than a right angle. * 



















[Im the adjoining figur the straight line By 
O68 may | i to have arrived at Pa 
« pr t f the position oceu 
OA, byt ition about the point O 
lé r of the two directions indicated by oy) 
the arrows: thus two straight lines drawn ats 07 x 


from a point may be considered as forming 
fico angles, (marked (i) and (ii) in the fighre) 


which the greater (ii) is said to be reflex. 
If the arms OA, OB are in the same a 
- straight line, the formed by them & ° A. 
on either side is a straight angle.) na F 
10. Any portion of a plane surface be 
or more lines, straight or curved, is called a plane figure. 
The sum of the bounding Hines is called the pereaster st SSE 
‘ad they enclose equal 


eens mid * be equal in area, w! 
portions of a plane surface. 


1L. Acirele is a plane figure contained 
by one line, which is called the circum- 
ference, and is such that all straight lines 
slrawn from a certain point within the 
“figure to the circumference are equal to one 
nother : this point is called the centre of 
e circle. 


A radius of a circle is a straight line dr 
to the cc 





ould be observed that the angle AOC is the sum of # 
and BOC; and that AOB is the difference of the 


that the size of 4 
ee eer dniniching the length of 1% 
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me t of a circle is the figure bounded “i 


part of the circumference which 


ee ee fee tee 8 


of s triangle may be Regan Baa 
is then called the base. 


is a plane figure bounded by 






rai {line which joins opposite angular points in « quadr 
ht I : 


a figure bounded by” mom: 
yams iss plane Sgn 


is a triangle 


figures are those which are bounded 


et 


ee 


eae 


« 28. four-sided figure whiel 
gis all ite sides equal and all i ogee 







DEFINITIONS, 5 


22. A right-angled triangle is a triangle ‘ =a 


which has a right angle. 
The side onpcaes to the right angle in a right-angled triangle is 


ealled the hypotenuse 
23. An obtuse-angled triangle is a 

triangle which has an obtuse angle. 4 
24. An acute-angled gis | 


which has three Sahu A 


tLe will be seen hereafter (Book I. Proposition 17) that every 


jangle must have at least two acute angles. | 


®5. Parallel straight lines are such as, being in the 
me plane, do not meet, however far they are produced in 


eather direction. 


~ 26. A Parallelogram is a four-sided 
feore which has its opposite sides pa- 


| of. A rectangle is 
has one of its ange a ce 


_ A square is a 


v 











e in har ucte 
ps ag” 


Be kc 4. 
wre’ aw 
ee wel 


asi 


from the | to the point B, 
ed 
that i is to say, a terminated 
to any length in that straight line. 


p circle may be described from Ly 

Mr ‘ / that is, with « radios equa’ 
e dra from the centre. 
h . Pe alates include no meats # 


‘t ruler is not su 
lan Euclid’s use, 
_ ‘ Bee 


one part of 8 


traighs 


nite 








GENERAL AXTOMS, 


The necessary characteristics of an Axiom are 
Gi) That sk d be self-evident; that is, that its truth 
should ln Liltit 
i That it sale d be fundamental; that is, that its truth 
1d not be derivable from any other truth more simple than 
if. 
(iii) That it should supply a basis for the establishment of 
further truths. 
These characteristics may be summed up in the following 


ately accepted without proof, 


hich neither 
as a founda- 


-evident trat 


mut which serv 


nition. { An Axiom is a 
requires nor is apableof proof, 
tion for future reasoning 


Axioms are ral and ar ometrical. 


Geometri- 
les, such a8 


GENERAL AXIOMS. 


equal 7 
4 If equals be added to: r ‘ 
_—o being that whieh 


6. Things which are double of the same 
of equal things, are equal to one another. — : 











INTRODUCTORY. 













eae 
n be made to coincide with o 





ss a ) | INTRODUCTORY. 
the ultimate equality of tw r 
Topless any sng Seon Su age cet daa witht part ali 
’ t _" : ; 
pon & second line, angle, or figure, for Phe figures that may be drawn upon a plane pee 


sd 


ye : and the first magnitud | of straight lines, rectilineal figures, and 
The Definitions indicate the 
ht lines cannot enclose a space. the Postulates and Axioms lay down 

which regulate all investigation 
subject-matter 


Fuclid’s method of exposition divides the subject Inte @ 


Axiom.] number of separate discussions, called propositions ; och wee 
position, though in one sense complete mm itself, is derived 


results previously obtained, and itself leads up to subsequent 
propositions. ae 





angles are equal, admits of prow!, 
as an 







line meet two straight lines so as t 
rlor on one side of it together les 

angles, these straig! ht lines will meet if om : ana . eS . 

d on the side on which are the angles which pm gue of tue kinds, Problems and Thearam . 

A Problem proposes to effect some geomesres & ' 

such as to draw some line, or rect sume > 

quired figure. / ay : 
“Ty A Theorem proposes to demonstrate 

a | A. Proposition consists of the following 

The General Enunciation, the Particalar 

| Construction, and the Demonstration or Proof. 
: 


Jemnibing in senaral torus the parpoas * Faeseal stom 




























D _ things given, 
S In a theorem the 
‘ — 








































4 < | BOOK EL PROP, 1. 
Special eek, 4 
A : SECTION 1. 
coving subh Proposition 1. PROBLEM. 
at purpdie : To describe an equilateral wiengli: sk peed alll - 
Demon: . ; ight line. ales 
a ~ that the obj he Ton 
as bee ‘coomplished, or that the property ? 
s Be  t be Deductive, because by ao é 
iment “it deduces new truths from trutin oe ¢ 
at the end of a le 
mndum, which was to be done. | 
at ne ee eink we Let AB be the given straight line. 
nate hich theorem, stand Tt is required to describe an equilateral triangle on AB. 
mae was to be 3 Construction, From centre A, with radius AB, describe 
stat the truth of which follows read'ly the circle BCD. Post. 3. 
| proposi e ; it is therefore Se rahe From centre B, with radius BA, describe the eee . 
J -\ > From the point C at which the circles e 
draw the ight lines CA 
and abbreviations may bx employed ” omnee and OF, 58 ; 
ons of Book I., though their use is 0% Then shall ABC be an rilateral 















And because B 


» Square, therefore BC isequaltoBA. =» D 

» Fectilineal, But it has been shewn that AC is equal to AB 
straight ling, therefore AC and BC are each equal to AB. 
iy ) But things which are equal to the same thing # equi 







to one another. 

Therefore AC is equal to BC. 
Therefore CA, AB, BC are to one aly 

Therefore the tri 


and it is described on the given 


Tt 
see 




















2 = i. 
_ Be BOOK I. PROP. 3. 


straight Tine equal to a ef ‘ ; Proposition 3. Propiem. 


From the greater of two given straight lines to out ofan 
part equal to the less. 


4 D 


~*. 
F 


at, and BC the given straight line. 
the two given straight lines, of which 


























the point A a straight line Let AB and C be 
a AB is the greater. 
se ; Tt is require: d to cut off from AB a part equal to C. 
triangle DAB. 1F. 1. Construction. From the point A draw the straight line 
ny CGH. AD equal to C; ae 
Post: 3. and from centre A, with radius AD, describe the circle DEF, 4 
> meet the circle COM at 6. Post. 2. meeting AB at E. Post, 3. — 
cut Grr ctr Poe 2. . ; Then AE shall be equal to C. 
ip meet GKF at F Post 
: Proof. Petcare AE iol 
F shall be equal to BC. . an ois ta Saale 
Bate oe oe i CGH, . But © ie 
ore BC is equal to BG. Def. 11. | Therefore AE pn om 
e centre of the circle GKF, Therefore AE is equal 
band it has been cut off from the given s 


to 0G; Def. 11. 


+, : 







EXERCISES. 
1. Ona given straight line deseribe an 
each of pacabehatpaie 
2. Ono sivas Sane ae 
= i san tal | 
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O 


4. Turorem. 


] a ‘ two sides of the our equal fo fire 
each to and have also the angles 
» then shall their bases or third 


shall be in area, and 
be equal, — a namely 











“ F 

triangles, which have the side AB 

side AC equal to the side OF, and 

to the contained angle EOF. 
the base EF, and the 

















, congruent. ps 
; = The following application of Proposition 4 


to 
to the triangle DEF in area; | 
equal, each to each, vo} f 








BOOK I. PROP. 4. 





J And because AB falls along DE, 
and the angle BAC is equal to the angle EDF, Hyp. 
therefore AC must fall along DF. 
And because AC is equal to DF, Hyp. 
therefore the point C must coincide with the point F. 
Then B coinciding with E, and C with F, 
‘ the base BC must coincide with the base EF ; / 
for if not, two straight lines would enclose a space; which 
is impossible. Ax. 10. 
Thus the base BC coincides with the base EF, and is 
therefore equal to it. Az. 8. 
And the triangle ABC coincides with the triangle DEF, 
and is therefore equal to it in area, Az. 8. 
And the remaining angles of the one coincide with the re- 
f maining angles of the other, and are therefore equal to them, 
unely, the angle ABC to the angle DEF, 
and the angle ACB to the angle DFE. 
‘That is, the triangles are equal in all respects. QED. 


Norse. It follows that two triangles which are equal in their 
several parts are equal also in area; but it should be observed that 
equality of area in two triangles does not necessarily imply 


: that is to say, be in area, | 





Two triangles whieh are equal in all respects | 
and magnitude, and are therefore said to be | 







) ithe chief difficulty of Proposition 5. 
‘1 In the equal sides AB, AC of an isosceles tri 
BPN MABC, the points X and Y are taken, so that 
D7 is equal to AY; and BY and CX are joined. 
Shew that BY is equal to CX. 
In the two triangles XAC, YAB, 
XA is equal to YA, and AC is equal bony! 


the two sides XA, AC are equal J 











Bn AG, each to cach ; 


BOOK I. PROP, 5. 17 


a Then in the two triangles BFC, CGB, 
, BF is equal to CG, Proved. 
‘ and FC is equal to GB, Proved 
“ 2eois’ also the contained angle BFC is equal to the 
es. 4 \ contained angle CGB, Proved. 
~ refore the triangles BFC, CGB are equal in all respects; 
so that the angle FBC is equal to the angle GCB, 
and the angle BCF to the angle CBG. | 1.4. 
ow it has been shewn that the whole angle ABG is equal 
1 that parts of these, namely the angles CBG, BCF, are 
also equal ; 
herefore the remaining angle ABC is equai to the remam- 
" ing angle ACB 


J and these 


Al 


‘and these are the angles on the other sile of the Gase:. quate, 


Corottary. Hence if a triangle w@ equilateral’ om 


take any point F ; ad 
off AG equal to AF @ 


“Piangle a 


> straight Hine PEL 


8. Describe a rhombus ha¥ing given two Ogee 
and C, and the length of each sade, ‘ 


AMNB is a straight line ; on AB eh 
AC shall be equal to AN and these GO 80 § 
mai SS 














BOOK I. PROP. 5. 


e centre of a circle and OA, OB are radii ‘ 
© two equal parts and cuts the line 


ABC, OBC are two isosceles triangles described on the same 
} on opposit 


but e sides of it: prove that the angle ABD is 
i@ angie ACD q 


ABC, DBC are two isosceles tri described on the same 
® BC, but on opposite sides of it: prove that if AD be joined, each 
the angles BAC, BI will be divided into two equal parts, 


; isosceles triangles described on the same 
on the same side of it: show that the angle PQS is 


o the angle PRS, and that the line PS divides the angle 


© 5 the line AD meets BC in E, prove 


ied : prove that the angle 
0CB 
9. ABCO is a quadrilateral having the opposite sides BO, ADL | 
ual, and also the angle BCD equal to the angle ADC: prove that” 
D is equal to AC. 


ferent positions ; = ' 
cite e triangle A’C’B’ in ofl ger 
ad is equal to the angle acs. : 
>B’ is the angle ACB in its new 


2, on com the hypotheses and conclusions 
Fone is the converse of the other. 
Pro m 6 furnishes the first instance of an @ 
hed of proof, frequently used by Euclid. It consists in 
at an absurdity must result from supposing the theon 
herwise than true. a of demonstration is k 
eductio ad Absurdum, and is most commonly 
ig the converse of some foregoing theorem. 








ad 


BOOK I. PROP, /. 


Proposition 7, THEOREM. 


On the same base, and on the same side of it, there 
cannot be taco triangles having their sides which are termi- 
ited at one extremity of the base to one another, and 
likewise those which are termi at the other extremity 

_ equal to one another, 


Cc op 


B 


If it be possible, on the same base AB, and on the same 
side of it, let there be two triangles ACB, ADB, having their 
; A AD, which are terminated at A, ¢ ual to one 


i gides ean BD, w are termi- _ 
ter than the other : as 
, let AB be the greater » . Case T. 


Tf possib! AC. When 
ot ? from it cut off BD equal . 2% 7 & _ the other triangle, 


Cc. a: 
aoe : Construction. Join CD. 
Then in the tri AC xe 
because AC is to = 
we the angle ACD is equal to the s ngle 
But the whole angle ACD is greater than te! F 
angle BCD, 
therefore also the angle ADC is greater tl 
till more then is the angle BDC gr 











BOOK IL PROP. 8, 


DG 


F 


DEF be two triangles, having the two sides 
to the two sides ED, DF, each to each, namely 


BA to ED, Post AC to DF, and also the base BC equal to the 
) Phase EF: 


then shall tl 


Post. 2 
to AD, Hy, 


e BAC be « qual to the angle EDF. 
P ABC he applied to the 
| B may be on E, and the 
: j } y BC along EF ; 
tie than he anglé” then becaase BC is equal to EF, 76 

. therefore the point C must coincide with the point F. 

sar " - 
O greater than the angle : — a BC coinciding with EF, 

: . / C must coincide with ED and DF: 


rar agecrred 





figs the triangle BCD, 
: BC is equal to BO, rs 
i fp BDC is equal to the pos 9 a ; = 
wa been she’ e greater ; which is? a> ih ot uae a 
verte: cof one ahaa lore the sides BA, AC coincide with the 


° ~ 4 end at the somal , , : th ) angle BAC coincides with the eagle EES 
QED | " : 


Nore. In this Proposition the three sides of one 
given equal respectively to the three sides of the of! 
this it is shewn that the two triangles may be 1 


, 7 an 
a ‘ewe 



































= ¥ BOOK IL. PROP. 9, 
‘ao = “ 
a Proposition 9. Posten. 
To bisect a given angle, that is, to divide it into two 
\ , Vorts. 
J A 4 
‘ \ | 
‘ | 
\ b- y 
ds [ ¢ 
E F ? 
Let BAC be the given angle: 
it is required to bisect it. 
Construction. In AB take any point D; 
A : and from AC cut off AE equal to AD. 4 3. 
A Join DE; 
which have the sides BA, AG mud on DE, on the side remote from A, describe an equi: 
ED, DF, and the base BC equal to the t lateral triangle DEF. _ 
be eq ual to the angle EOF. Then shall the straight line AF bisect the angle BAC. 
the S bdangie DEF, «o that B may . ms 
EF, and so that the point A may be on th Proof For in the two triangles © 
EF. . DA is equal to EA, 
on F, since BC is equal to and AP fs oman 


§ Because pied tho ee 


BOOK I. PROP. 11. 


Proposition 11, Prosiem. 


To draw a straight line at right angles to a given straight 
ine, fro , a@ given point in the same. 


F 


Let AB be the given straight line, and © the given 
J point in it, 
It is required to fron e point C a straight line 
t right 
In AC take any point D, 
and from CB cut off CE equal to CO. 1. 3. 
On DE describe the equilateral triangle DFE. 1 L 
Join CF. 
ight line CF be at right angles to AB. 


= acis jal to BC, 
and CD is common to both ; 

the contained angle ACD is equal to 
ined BCD; 


EF: 
» the angle OCF is 
Me bisected at the pof a! Rac, oe and these are adjacent angles. : 
OB But when a straight line, standing on another stenigh 
> ine, makes the adjacent angles equal to one another, ea 

of these angles is called a right angle; 

therefore each of the angles DCF, ECF is a righ 
Therefore CF is at right ‘angles to 











MW straight line, which ma " 
nd let © be the given point with 

: 4 
a straight line 


1 in the triangles FHC, GHC, 
FH is equal to GH, 
is common to both; fies 
vir side CF is equal to the third 
radii of the circle FOG ; Def. | 


to the angle CHG; 1." 


BOOK I. PROP. 12. 


EXERCISES ON PROPOSITIONS 1 to 12, 


Shew that the straight line which joins the vertex of an 
te to the middle point of the base is perpendicular 


_ Shew that the straight lines which join the extremities of the 
- of an isosceles triangle to the middle points of the opposite sides, 
equal to one another, 


» opposite sides of a quadrilateral are equal, shew that the 


Any two isosceles triangles XAB, YAB stand on the same base 
3: shew that the angle XAY is eq 1'to the angle XBY; and that 
t BXY. 


bisected by the 
sat the stra ines which bisect the base angles of an 
Jes triangle form with the base a triangle which is also} 


ABC is an isosceles triangle having AB equal to AC; and the 
at B an are bisected by straight lines which mest ob (Qs 


. .- er 
10. The equal sides BA, CA of an 
beyond the vertex A to the poir 


SAF; and FB, EC are joined 


- that the diagonals of a shombus bisect one 


(i) the triangle BOC is isosceles; 

(ii) AO bisects the vertical angle BAC; 

(iit) AO, if produced, bisects BC at right 
3. Describe an isosceles triangle, ki 
h of the perpendicular drawn from the: 








1 the straight line 
r either two 


ha right angles to CO. 
OBA is made f 


together equal to th 
“t shewn to be € 


BOOK I PROP. 13. 


DEFINITIONS. 


The complement of an acute angle is its defect from 
t angle, that is, the angle by which it falls prod a right 


} 
Zie. 


5 


Thus two angles are complementary, when their sum is a 


» oles 
e supplement of an angle is its defect from two right 
gles, that is, the angle by which it falls short of two right 
les. 5 


e supplementary, when their sum is two 


plementary or supple- 


a 
yucal to one another, 


The bisectors of the 
with another contain a rig 


In the adjoining figure AOB 

angle; and one of its arms AO 

eed to C: the adjacent angles 
bisected by OX, OY. 

OY are called respect- 

and external bisectors __ 

2 angle AOB. Cc 


Hence Exercise 2 may be thus enunciated : 


The internal and external bisectors of an angle 


pne another. 























“i 2 BOOK I. PROP, 15. a” 
\2 =, Oe 7 ; P , 
Ma Seen aa ees 
Line, two other here \: : a , are said to be opposite to one another. ; 
feo straighe lines wot _-? Proposition 15, THEoRem, 
, py er cnsin chai e aan — aes 


A E * : : 
e Ent > 
ny eo 2S A 
Fs nee t line AB, let the twamm “ Let the two straight lines AB, CD cut one another at 
b B straigh , : eam yint E: 
point te sides of AB, makeume pe 
BC, BD, on the opposi al to two right ie then shall the angle AEC be equal to the angle DEB, 
nt angles ABC, ABD together equ eae 
sae j . : roof. Because AE makes with CD the adjacent 
5 shall be in the same straight line with BC. a 



















and the angle CEB to the angle AED. 













in the same straight line with BG a) ae these angles are together equal to two righ 
a rue tein the same straight line with BC. [gi : , oo . ~ ia a 
in because AB meets the straight line CBE, on, DE makes with AB the adjacent, 





. together equal q 
adjacent angles CBA, ABE ar eT | 
















therefore these also are together equal | 7 . 
x CBA, ABD are also together equal “ang | eens oma a st 
angles ) mis 
her equal to t _ From each of these equals take the 10n angle 
; CBA, ABE are toget ll « When the remaining angle CEA is equal to the re 
oe the common angle CBA, ; angle DEB. ios 
ss pat take ct $0 the remaining angl# ___ Ina similar way it may be shewn that he a 
gie ABE is equa’ which is impossible: is equal to the angle AED. an 
to the whole; ' line with BC. 4 oS 
in the same straight Corottary 1. From this it is 


ight lines cut one another, the 
the point where they out, are together equa 





»3 AEB, CEF, 


— lane’ 
in the to CE, 


AE is equal 


and EB to EF; ual to the 


angle AEB is equal 


is equal to the triangle 


to the angle ECF. 
cars 





cet 





BOOK I. PROP. 17. 


Proposition 17. THEOREM, 


Any two angles of a triangle are together less than two 
ght angles 
A 


‘aes B Cc im) 


ABC be a triangle: then shall any two of its angles, as 
ABC, ACB, be together less than two right angles. 
mestructs Produce the side BC to D. 


' Proofs The ACt exterior angle of the 


yreate the interior opposite angle 
1 16. 
To each of these add the angle ACB: 

n the pages J ACD, ACB are together greater than the 
Az, 4. 
ual to 

ae right : gies, , ee. : iS sa — 

jimilarly it may be shewn that thea ; BAC, AC 
he angles CAB, ABC, are together poten o right — 
qian 


re 
i} eht 





Rest Tt folle from this Proposition that every triangle 
at least two acute angles: for if one angle is Np thang ora 
gle, each of the other angles must be less than a right angle. 





EXERCISES, 


ammeiane this Proposition so as to shew 


my side of a triangle is prod 
4 are etl ate han tres 








. BOOK I, PROP, 19, 
a. 4 


Proposition 19. THEOREM. 






























another, the 
greater tha If one angle of a triangle be greater than another, then 
tiv side opposite to the greater angle shall be greater than 
the side opposite to the less. 
A 
Fes 
' B c 8 [e} ® ; 
ae ™ : be at Let ABC be a triangle in which the angle ABC is 
/ ABC oh triangle, in which the side AC is greater Sant. ane ’ uch g greater 
tay; i th the angle ACK ‘ then shall the side AC be greater than the side AB. 
shall the angle ABC be sangre peal re eqeal For if AC be not greater than AB, 
ruc From Ac, the greater, F us it must be either equal to, or less than AB. 
; But AC is not equal to AB 
Join BD. fir then the ang] 
ae , ABC would be equal to the angle ACB; 1.5. 
Then in the triangle A680, 4 ere nat "i 
Scones AB is equal to AD, ’ ' but it is not. 
dhe angle ABD is equal to the angle ADB. Tat Nether is 09 heen An; 
ref : for then the angle ABC would be less than the angle ACB; 1.18. _ 
nt the exterior angle AOS of the triangle J 9 but it is not: to mas 3 
- i rs : t 4 : Rete, 
than the interior opposite angle DOS, . ie | Therefore AC is neither equal to, nor less 
n the angle ACB. That is, AC is greater than AB. 
ne gre an te ce Os | 
ABC greater than the angie 9h | 
the angle A& 9.8. . } Nore. The mode of demonstration used in this Proposition is 


*Fpown as the Proof by Exhaustion. It is applicable to cases in 
@he of certain mutually exclusive i must ’ 
ifue; and it consists in shewing the of okt oe 

i finns in turn with one exception; hence truth 

ion.18 as follows: ghpposition is inferred. 

every triangle has the greater ang 


diffi: 


Euclid enunciated Proposition 19 as ‘oll 
The greater angle of every triangle is 8 
side, or, has the greater yposit 


= 
ok 







ee tm 


ez f 
ie te etinguish what ia assumed in 


2 > 















BOOK I. PROP, 21. 


Proposition 21. THEOREM. 


If from the ends of a side of @ triangle, there be drasom 

two straight lines to @ point within the triangle, then these — F 

straight lines shall be less than the other two atl 

triangle, but shall contain a greater angle. 
A 





x 
ia 


the ends of the 


Let ABC be a triangle, and from B, C, 
side BC, let the two straight lines BD, CD be drawn to 


a point O within the triangle : 


then (i) BD and DC shall be together less than BA and AG; 
(ii) the angle BDC shall be greater than the angle BAC. 


Construction. Produce BD to meet AC in E. 
i Proof. (i) In the triangle BAE, the two sides BA, AE are 
so vevcther greater than the third side BE: az 

> ‘Then in the triangle AOC, to each of these add EC; 

_ because AD is equal to AC, Constr. then BA, AC are together greater than B 
; oe Again, in the triangle DEC, the two ; 
gether greater than DC: Re: 

to each add BD; 








CB greater 
CB, BA greater than AC. 
BA to the point D, making AD equal 
1. 3. 






















But it has 
than BE, EC: 
still more then are BA, AC 
(ii) Again, the exterior angle BDC of the t X 
4 ter than the interior angle DE 
ee) and the exterior angle DEC the 
angle BAC ; 











is the a 


at 


ee BOOK L PROP, 22. » 
a Proposition 22. Prowies. es 
4 7 describe @ triangle having ite sides equal to tom 
given straight lines, any two of which are together gremer — 
Dhan the Ueird. . 






















ypo nuse is the greatest side of a right-angled triangle. | 
ty 9 angles of a triangle are equal to one another the sides. 


‘the base of an isosceles triangle ABC, is produced to any | 
‘ 


A 










w that AD is greater than either of the equal piles. 
na the greatest and least sides are opposite & 
ear Getanaies edjacent to the least side ic 


. together greater than the third. 


Any two are 


vertex A and terminated by t : 
he Let A. B, C be the three given straight limes, of which 
0B, It is required to describe a triangle of which the sides 

















in which OC bisect the angles ABC, 
if AB is greater than AC, then OB ix 
ghall be equal to A, B, C. 
20 Construction. Take a straight line DE terminated at the 
pa naemaas ™- + point abed salieel soe a 
‘difference of two sides of a triangle is less that Make DF equal to A, FG equal to B, and GH tc - 
aad From centre oh ra opel to eS ae 
From centre G with radius GH, describe the circle 4 
“ pte? 


omy it two opposite site “the perimeter —_ i} cutting the former circle at K. Be 0's 
than the perimeter of : Join FK, GK. "a : 
Then shall the triangle KFG have its sides equi 

three straight lines A, B, ©. . 

Proof: Because F is the centre of the cirele 0 
therefore FK is equal to FD: 
but FD is equal to A; 
therefore also FK is equal to A. 
because G is the centre of the circle 

therefore GK is equal toGH: 
but GH isequaltoG; 
is equal 











Again, 









Prorosirion 23. Proeien. 
t h ‘ point ina given straight line, to make an 
rial to a given angle. 


pom 


be the given straight line, and A the given 


nd let DCE be the given angle. 
to draw from A 4 straight line making 


ngl equal to the given angle OCE- 
In CD, CE take any points D and E; 










equal to CD. 


le DCE. 


hl 
3 


and join DE. 
1. & 


FAG, having the remaining 
y to CE, ED. : 2% 


BOOK 1. PROP. 24. a 
Proposition 24. | 


if two triangles have two sides of the one equal to two 
wides of the other, each to each, but the 
the two sides of one greater than the angle contained by 
the corresponding sides of the other ; then the base of that 
‘chick has the greater angle shall be greater than the base of the 


NDS 


Let ABC, DEF be two triangles, in which the two sides 

BAL AC are equal to the two sides ED, DF, each to each, 
, Wnt the angle BAC greater than the angle EDF: ; 
then shall the base BC be greater than the base EF. 


% : | | 


. 


















: mstruchon. 5. in 
Ami on the same side of it as DF, 
qual to the angle BAC. 
Make DG equal to DF or AG; 
and join EG, GF. 


















Proof. Then in the tri les BAC, EDG, 
BA is equal to ED, 
and AC is equal to DG, 
angle BAC is - 


ceercause |oms the contain 
a contained angle EDG; . © eo 
s the triangle BAC is equal fo the triam 
































BOOK I. PROP, 24. 


Or the following method may be adopted. 





' Proposition 24. [Avrernative Proor.] 


Ke In the triangles ABC, DEF, 

te let BA be equal to ED, A 
and AC to OF, 

bat let the C be greater than 


. I~ y 4 
then the base BC be greater than 
the base EF. 
; or apply the trance Pe on A. 
triangle A so that D may fall on A, B Cc 


: and DE along AB: 
then because DE is equal to AB, 





f, 
the angle OGF, lL therefore E must fall on B. 
le EGF ; And because the angle EOF is less than the angle BAC, Hyp- 
le EGF ; therefore OF must fall between AB and AC. 
than the ang nar. | Let OF oceupy the position AG. 










= 
4 
%, 
So 
m 
7) 
aa 
7 


a EFG is greater 
the s' EG is greater than the side er; 1.19.5 
EG was shewn to be equal to BC; 

BC is greater than EF. QED. 


n was inserted by Simson td’ ensure that, in the 
’ point F should fall below EG. Without 
consider three cases: for F 























BOOK I. PROP. 26. et gee % 

=e 

Proposition 26. THEOREM. at 

If two triangles have two angles of the one equal to two 

angles of the other, each to each, and a side of one equal 

toa side of the other, these sides being either adjacent to the 

equal angles, or opposite to equal angles in each ; then shall 
the triangles be equal in all respects. 


Case I. When the equal sides are adjacent to the equal 















19) 
re) angles in the two triangles. 
. A D 
G 
' B om F 
DEF be two triangles which . 
| to the two sides ED ae akg porhgea g > | Let ABC, DEF be two triangles, which have the angles 
the taco EF: , _ ABC, ACB, equal to the two angles DEF, DFE, each to each ; 
BAC be greate _. vnd the side BC equal to the side EF : 
if be r than the angle EDF. : ; and ti all the triangle ABC be equal to the triangle PEF ‘ 
BAC be not greater than the : in all respects ; BPs 
must be either equal to, or less than the that is, AB shall be equal to DE, and AC to 0! 
i : and the angle BAC shall be equal to the angle 


For if AB be not equal to DE, one must be gr 
the other. If possible, let AB be greater d ; 
Construction. From BA cut off BG equal to ED, = 

and join GC. es 

Proof. Then in the two triangles GBO, DEF, 



















Je BAC is not equal to the angle EDF, 

r BC would be equal to the base EF ; 1 4. 
but it is not. Hyp. 
8 BAC less than the angle EOF, ‘ 

iid be less than the base EF ; 1. 24. 


= 















~~ but it is not. Hyp. ' Gebel mate 
. neither equal to, nor less than Because i the contained angle GBC is 





= 
° mal a 
a: 


reater than the angle EOF. anne | 


% at 
vip , _T 
x1 i #6. 
P z sined to > ; idle 4 





















: _ = a 
t eae . BOOK I, PROP. 26. , “at any 
* re 


=< For if BC be not equal to EF, one must be greater than 
the other. If possible, let BC be greater than EF. 


sie Construction. From BC cut off BH equal to EF, 1. 3. 
and join AH. 


Proof. Then in the triangles ABH, DEF, 
AB is equal to DE, Hyp. 
ee and BH to EF, Constr. 
” also the contained angle ABH is equal to the 
contained angle DEF ; Hyp. 
Pa therefore the triangles are equal’in all respects, 1 4 
‘ so that the angle AHB is equal to the angle DFE. 
DE, Pp ; ‘ But the angle DFE is equal to the angle ACB; Hyp. 
} therefore the angle AHB is equal to the angle ACB; Az. 1. 
Mat is, an exterior angle of the triangle ACH is 
an interior opposite angle ; which is impossible. 1. 16. 
Therefore BC is not unequal to EF, 
that is, BC is equal to EF. 
Hence in the triangles ABC, DEF, 
AB is equal to DE, 
and BC is equal to EF ; 


( PBecause 4,150 the contained angle ABC is equal to 


comme 
therefore the triangles are equal 
so that the side AC is equal 
and the angle BAC to the 













CoROLLARY. “ 
that the triangles may be made to pincide 
had they are therefore equal in arom 
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EXERCISES ON PROPS, 12—26. 


EXERCISES ON PROPOSITIONS 12—26. 





1. If BX and CY, the bisectors of the angles at the base BC of 


teoaceles triangle ABC, meet the o te sides in X and Y , shew 
the triangles YBO, XG® are equal x NANI ; 


Es 


2. Shew that the perpendiculars drawn from the extremities of 
the base of an isosceles triangle to the opposite sides are equal. 
Aachen to one another in all respects, wha : : . 
parts in each are equal, each to each. rs oo 60 the Monster of on angle to equidhtenl from ae 
es, and the included angle. Prop. } 7. ane : = 
a J “ rough O, the middle point i ine A 
» sides, Prop. 8, Cor . Hine is drawn, and porpendionlars eink and BY oe enone then 


= ie isiaRiacent aide. f A and B: shew that AX is equal to BY. 
hwo angles, and the side opposite one of Prop. & : 5. If the bisector of the vertical angle of a triangle is at right 


Sete Angles to the base, the triangle is isosceles. 


this: A. a will surmise that two ta. 6 The perpendi ular is the shortest straight line that can be 




















be equal all respects, when the havo : cn froma given point to a given straight line; and others, that 
. each to each ; but to this statement two wphich is nearer to the corpenaiooian tl ‘ioe then tke peda eens - and 
t be made. hoo, and only two equal straight lines can be drawn from the given 
the three angles of one are equal aed point to the given straight line, one on cach side of the perpendicular. 
other. h to each, it does "F 4 ‘ . 4 
ag ngles syn ™ all respects. : 4 Re two Saetei lines, sama she nes oi hme pre lyme ; 
triangles two - aged y the cn a Ba) and make equal angles with it, e 
4 other, each to one ang ; 7: ch 
ee oe wee by the eq sidés; pjat Ae Be the Ge Sa 
necessarily i pects. : ven 
ee eee se at ves P It jo cequived to draw from P and @ 
$ cases a further condition must be added to ‘s Hite s point in AB. two straignt es 
“a ; sert $ tical ity o a) f that be eq y inclined 
= a x C From P draw PH 





‘onstruction. -s 
pee el Co nee ne 
making HP’ equal to PH. Draw QP’, meeting AB in 


PK 
‘Then PK, QK shall be the required lines. [Supply 


~/ > EE EE’=S' 


BOOK I. PROP. 27. al | 


Proposition 27. TuHrorem, 














— 7 


If a straight line, falling on two other straight lines, make 
F the alternate angles equal to one another, then the straight 


a P ’ line ‘3 shall he parallel, 


. Parallel straight lines are such as, being : 
ne, do not meet however far they are pro : A B 

















K 
t lines AB, CD are met by a third straight ae - 
to which 
| le t the etr sight line EF cut the two straight lines AB, 
' CD at G and H, so as to make the alternate angles AGH, 
GHD equ il to one another: 
then shall AB and CD be parallel. 
: Proof. For if AB and CD be not parallel, 
- e they will meet, if produced, either towards B and D, or to — | 
6, 2 is referred to as the exterior angle, [" wards A and C. Ss 
pentane side of EF. dh If possible, it Ae wal 0 OS ee 
E pranstimen called corresponding angles. and D, at the point K, ; 


Then KGH is a triangle, of which one side K¢ 
to A: 
therefore the exterior angle AGH is greater 
opposite angle GHK. Lei 
But the angle AGH is equal to the angle GHK: 
hence the angles AGH and GHK are both equal a 
which is impossible. 
Therefore AB and CD cannot meet when p 
B and D. 
Similarly it may be shewn that they cann 


therefore they are | 


7 aan Band 4 axe corresponding Sg 
nen 


























a EF cut the two straight lines ag 
let the exterior angle EGB be equal to the interiag 


) GHD: 
es then shall AB and CD be parallel. 
f, Because the angle EGB is equal to the angle GHD; 
wise the angle EGB is also equal to the vertically op 
AGH; 1. 15, 
refore the angle AGH is equal to the angle GHD; 






" 





but these are alternate angles; 
therefore AB and CD are parallel. 1.27 
Q. E. D. 
the two interior angles BGH, GHD be to t 


aR Batt ns and C0 bo parallel. 
scause the angles BGH, GHD are together — ty 
. uP 







 % that is, the alternate angles 


I SSIES 


BOOK I. PROP, 29. tha 


Proposition 29. THEOREM. 


If a straight line fall on two parallel straight li i 
shell make the alternate angles pant to wes nota a 
vp orivr angle equal to the interior opposite angle om the 

ene side; and also the two interior angles on the same 
wide equal to two right angles. 


E 
A 8 
c 7 D 
F 
Let the straight line EF fall on the parallel straight 


s AB, CO 
ben (i) the alternate angles AGH, GHD shall be equal to 


one another ; 


(ii) the exterior angle EGB shall be equal to the interior 
opposite angle GHD; 


(iii) the two interior angles BGH, GHD shall be together 
equal to two right angles. aii 
Proof. (i) For if the angle AGH be not 





GHD, one of them must be greater than 


Lf possible, let the angle AGH be greater than the a * - 
GHD; ie pris 









then the angles AGH, BGH are 

angles BGH, GHD. ‘ 
Fut the adjacent angles AGH, BGH are together equal 
al 


two right angles ; 
therefore the angles BGH, GHD are together less 


yooright angles; : 
2 therefore AB and CD meet towards B 
But they never meet, since they are P 


the angle AGH is not uneqi 














~ 





















F 


\ aun, because the angle AGH is equal to the verti 
: opposite angle EGB; % 1 15. 
| because the angle AGH is equal to the angle GHO; 
re Proved. 
; » the exterior angle EGB is equal to the interior op- 
angle GHD 
tly, the angle EGB is equal to the angle GHD; 
_ Proved. 
* add to each the angle BGH; 

» angles EGB, BGH are together equal to the angles 
GHD. 
aljacent angles EGB, BGH are together equal to 


clon 18 
also two interior angles BGH, GHD are to 
Q.E.D. 


r equal to two right angles. 


; ‘EXERCISES oN Propositions 27, 28, 29. 
i, 


CD bisect one another at O: shew that 
AD aad BD are parallel. {t. 27.] 


perpendicular ight line 
o — Th poe 28.J 


“4 


oun he BOOK I. PROP. 29, 
<* —F 7b 







1 


Nore on THe TWELFTH pe 


it must be admitted that Euclid’s twelfth Axiom is um- 
eatisfactory as the basis of a theory of parallel straight lines 
Tt cannot be regarded as either simple or self-evident, and it = 
therefore falls short of the essential ¢! istics of anaxiom: = 
nor is the difficulty entirely removed by considering it as a cor- 
rollary to Proposition 17, 0 which i ic aereanvetne 

Many substitutes have been ; but we need only notice 
here the system which has mow acs saath general pe 

This system rests on the following hypothesis, which is 
forward as a fundamental Axiom. * 

Axiom. Two intersecting straight lines cannot be both parallel 
to @ third straight line. 

This statement is known as Playfair’s Axiom; and though 

is not altogether free from objection, it is recommended as 
and more fundamental than that employed by 
i d, and 1 readily admitted without proof. 

Proposit 27 and 28 having been proved in the usual way, 
the first part of Proposition 29 is then given thus, 


both simpler 


Proposition 29, [ALTERNATIVE Proor. | . 

If a straight line fall on two parallel straight lines, thenit = 
shall make the alternate angles equal. ea | 
Tet the straight line EF meet the two 
pateilel straight lines AB, CD, at G 


and H: 

then shall the alternate angles AGH, 
GHD be equal. 

Wor if the angle AGH is not equal to the 
abgle GHD: 

at G in the straight line HG make the 
angle HGP equal to the angle GHD, 
and TT OD ook & - 

H Then PG an are 1. 27. 

: But AB and CD are parallel: Hyp. 

i i Fines AG, PG are 


= 
> 


S'3:/ 
































therefore the two intersecting straight 
which is impossible. 
Therefore the angle AGH is not 

that is, the alternate angles AGH, ' 


second and third of the Pro} 















CC _ 


BOOK I. PROP. 31. 




















are the a, 
‘eacthen. parallel to same straight line 


F 


oe lines AB, CD be each parallel to the 
then shall AB and CD be parallel to one another. 
Construction. Draw any straight line EF cutting AB, CO, 
‘and PQ in the points G, H, and K. 
Proof. Then because AB and PQ are parallel, and EF 
them, 
fore the angle AGK is equal to the alternate angle GKQ. 
ik 1. 29. 
nd because CD and PQ are parallel, and EF meets them, 
efore the exterior angle GHD is equal to the interior 
ite angle HKQ. 1. 29, 
*herefore the angle AGH is equal to the angle GHD; 
and these are alternate angles; 
a therefore AB and CD are parallel. 1. 27, 






Proposition 31, Proprem. = 


To draw @ straight line through a given point pani 5 


fo a given straight line. - 


Let A be the given point, and BC the given straight line. 
Tt is required to draw through A a straight line parallel to 
Sc. 

Construction. In BC take any point D; and join AD. 
At the point A in DA, make the angle DAE equal to the 

angle ADC, and alternate to it Le 

and produce EA to F. 
‘Then shall EF be parallel to BC. 


Proof. Because the straight line AD, meeting the two 
Biraight lines EF, BC, makes the alternate angles EAD, ADC 


equal ; 
therefore EF is parallel to BC; 1. 27. if 
and it has been drawn through the given point A ae 





EXERCISES, 


1, An straight line drawn parallel to the base of an isosceles 
triangle makes equal angles with the sides. 

2. If from any int in the bisector of an angle a straight line is 
drawn parallel to ei er arm of the angle, the triangle thus formed is : 


isosceles. why 











8. From a given point draw a straight line that shall make 
@ given straight line an angle equal to a given angle. +m 
in the BC of an isosceles tr 





























BOOK I. PROP. 32. 








; al 7 ( . N ‘e a 4 From this Proposition we draw the following important — eH 
al pet the ee ys les have two angles of the one equal to two ng 
cael allies two interior oppos. Se 1. If two triangles angles of the one or 
i” Vt bd 0 er, each h, then the third le 0) the one is equal to : = 
1 i 1 , po triangle are togethe + = tepals of the perend ~~ i 
peer : 2. In any right-angled triangle the two acute 
& 8. In a right-angled isosceles angles 
4 » ig half a right angle. a | 
os i ems If one angle of a triangle is equal to the sum of the other gh oo 
ea ~~ the triangle is right-angled. 
eer 5. The sum of the angles of any quadrilateral figure is equal to 
1E Let ABC be a triangle, and let one of its sides BC be four right angles. 
ced to D: 6. Each angle of an equilateral triangle is two-thirds of @ right 
(i) the exterior angle ACD shall be equal to the Sen we engle. 


of the two interior opposite angles CAB, ABO; 
(ii) the three interior angles ABC, BCA, CAB shill . 
. be together equal to two right angles. EXERCISES ON PROPOSITION 32 








d : ; — anepiia 
Through C draw CE parallel to BA. 1 SI. ; z — wei i 

















gee 
"G) Then because BA and CE are parallel, and AC on MG right angles, ae 
_ ; {i) iy, Ganieg oe the vertex a * 
re i « e » rle ’ ia . 
i angle ACE is equal to the alternate angi (i) by jolning oar aig * 
: 29, — : y 
vg 2. If the base of triangle is produced w 
Decause BA and CE are parallel, and 8D meets them, the — = phreery 
re the exterior angle ECO is equal to the intétier By iiahal to two right angles. . 
wee. ARE 8. If two straight lines are i to two ath 


tl . the first 
he whole exterior angle ACD is equal to the E lines, each to each, the acute angle between 
: terior i AB. ABC. DS & the acute angle between the second pair. 
“Sa —e “ 4. Every right-angled triangle is divided into 
in the angle ACD is equal to the sum of BE Gbgice by a straight line drawn from the right angle to (Rew 
Proved. Se af the hypotenuse. oe. 
ie Hence the joining line is equal to half the hypotenuse, : 
5. Draw traight line at right angles to @ given, nite § 
one of ts extremities, without producing the given 
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The following theorems were added as corsilanns 
on 32 by Robert Simson. 

Ce 1. All the interior angles of any rectilinew 

pure, with four right angles, are together equal to twice ay 

am right angles as the figure has sides. 


Cc 


A B 


Let ABCDE be any rectilineal tigure 
Take F, any point within it, 
im F to each of the angular points of the figure. 
Mure is divided into as many triangles as it Tas 
‘thr of each triangle are together equal 
right 1. oe 
angles of all the : 
right ey as the figure has sides. 
\ all the triangles make up the i 
f the figure, together with the angles 
F are together equal to ee ei 
L 1» Yer ™ 


’ : 1e1 equal to twice as many Tigh 


“aa 


6 
a 





triangles are together equal _ 


Corottary 2. If the sides of a rectilineal figure, which 
4 has no reentrant angle, are produced in order, then all the ex- 
terior angles so formed are together equal to four right angles. 


BOOK I. PROP. 32. 


For at each angular point of the figure, the interior angle 
and the exterior angle are together equal to two right 
angles. tik 

Therefore all the interior angles, with all the 3 
angles, are together equal to twice as many right angles 
as the figure has sides. 

But all the interior angles, with four right angles, axe 
gether equal to twice as many right angles as tbe igure 

L 32, Cor. L 


has sides. 


right angles. . 


EXERCISES ON SIMSON’S COROLLARIES. 


{A polygon is said to be regular when it has all its sides 
angles equal.] . } 
it Express in terms of a right angle the magnitude of 
of (i) @ regular hexagon, (ii) a regular = 


2. If one side of a regular hexagon is shew th 

terior angle is equal fafa pemetneer ppt every ; 
3. Prove Simson’s first Corollary joining one 

Bak, Pore Sinecn's ae ane 

4. Find the magnitude of each angle of a 





























Sa hyod 

















D 


AB and CD be and lel straight Hmesj 
them be joined towards the same parts by thé 
lines AC and BD: 

‘then shall AC and BD be equal and parallel. 

Join BC. 


f. Then because AB and CO are parallel, and 66 


erefore the alternate angles ABC, BCD are equal, 1. 2% 


Now in the triangles ABC, DCB, 

AB is equal to DC, Hype 
and BC is common to both; 
the angle ABC is equal to the angle 
‘4 DCB 3 Proved, 
ore the triangles are equal in all respects; L&£ 
that the base AC is equal to the base DB, 


ale to the angle DBO; 

but these are ternate angles ; 

‘ore AC and BD are ¢ 1. 3 
en shewn that they are also 


— 













ae a 
‘4 BOOK lL PROP, 34. 63 OC«w 


Proposition 34. THEOREM. 


The opposite sides and angles of a parallelogram 
equal to one another, and each diagonal bisects the destin: 


gram. 


Let ACDB be a parallelogram, of which BC is a diagonal: 
then shall the opposite sides and angles of the figure be 
equal to one another; and the diagonal BC shall bisect it. 

Proof. Pecause AB and CD are parallel, and BC meets 
them, 

therefore the alternate angles ABC, DCB are equal. 1.29, 
Again, because AC and BD are parallel, and BC meets 


them, 
therefore the alternate angles ACB, DBC are equal. 1, 29. 
Hence in tke triangles ng! pay be «. 
the angle ABC is to DCB, 
Suekane oo. the angle ace is equal etheedng 
_ a the side BC, which is adjacent 
angles, is common to both, 
therefore the two triangles ABC, DOB are equal 


so that AB is equal to DC, and AC to DB; 

and the angle BAC is equal to the angle CDB. 

Also, because the angle ABC is equal to the angle 
and the angle CBD equal to the angle BCA, 
therefore the whole angle ABD is equal to the whole 


— 














































MISCELLANEOUS EXERCISES ON SECTIONS I. AND II. 65 


s here given Euclid added an applica- 
h a view to shewing that the triangles ABC, 
d that therefore the al BC bisects the 
is however sufficiently established 


a aes. 


‘MISCELLANEOUS EXERCISES ON SECTIONS I, AND II, 





See 43. 4. Shew that the construction in Proposition 2 may generally be 
f ] pertormed in eight different ways. Point out the case. 
2. The bisectors of two vertically opposite angles are in the same 
5 EXERCISES. straight line. 
a “aba @ parallelogram is @ right angle!) ingles 3. In the figure of Proposition 16, if AF is joined, shew 
2 y ve angle of (i) that AF is equal to BC; 
os . ii) that the triangle ABC i ual to th CFA 
If the opposite sides of « quadrilateral are equal, the fw - ses —_ pi 0 EN 
a 4. ABC isa triangle right-angled at B, and BC is produced to D: 
If the opposite angles of a quadrilateral are equal, the figur shew that the angle ACD is obtuse. 


mm 


> ; 5. Shew that in any regular polygon of n sides each angle contains 
all its sides equal and one angle a right : ro ) 
panger pce oe *) right angles. | 
a 
5. The diagonals of @ parallelogram bisect each other. af The angie contained by the bisectors of the angles at the base 
ae t each other, the figure Any triangle is equal to the vertical ang! i 
6. If the diagonals of « quadrilateral Wises fg iy triangle a gus together with 
of 











parallelogram are bisected by the 7. The angle containat by the bisectors of two exterior 
Sgare is equilateral gay triangle in ean ai the sum of the two cxresponding interior ‘ 
8 i the Giagonals of a parallelogram are equal, all its angles a ad ! 
3 \ 8. If perpendiculars are drawn to two intersecting 
—_ the diagonals are # fim any point ea them, shew re bisector 
parallelogram which is not rectangular diago hetiveen the perpendiculars is parallel to coincident 
ine Bisector of the angle between Ep . 
, P ; } ba P 
saicht line drawn through the middle point of e diagoné 9. If two points P, Q be taken in the equal 
gran ee iecnineted by @ pair of opposite sides, © triangle ABC, to that BP is equal to CQ, shew that 
BC. 
sides of one equal 10. ABC and DEF are two such that 
angle of one equal iy sind parallel to DE, EF, each passe shew that 
equal in all respec™ SBexallcl to OF. 





Bit, Prove the second to. Prop. 82 
ee 
If two sides of a quadrilateral aralle 


























SECTION Ill. 


AREAS OF PARALLELOGRAMS AND TRIANGLES, 
nerto when two figures have been ssid to be equal, it has 
that they are identically equal, that is, equal in all 


on III. of Euclid’s first Book, we have to consider 
in area —_ and triangles which are 
rily equal in 





BOOK I. PROP. 35. 





Proposition 35. THEoREM. 


Purallelograms on the same base, and between the same 
parallels, are equal in area, 


A D FA DE Fie F 
B | 


B Cc B 


Let the parallelograms ABCD, EBCF be on the same 
base BC, and between the same parallels BC, AF : 

then shall the parallelogram ABCD be equal in area to 
the parallelogram EBCF. 
If the sides of the given parallelograms, oppo- 


Case I. 
to t yamon base BC, are terminated at the same 


site to 
point Dd 


then because each of the parallelograms is double of the 
triangle BDC; 1, 34, 
Az. 6. 


therefore they are equal to one another. 


Case Il. But if the sides AD, EF, opposite to the base 
BC, are not terminated at the same point: 
then because ABCD is a parallelogram, 
therefore AD is equal to the opposite side BC; 1 34 
and for a similar reason, EF is equal toBC; 
therefore AD is equal to EF. da, 1. : 
Hence the whole, or remainder, EA is equal to the 
or remainder, FO. 
Then in the triangles FOC, EAB, 
FD isequaltoEA, 
and DC is equal to the opposite side 
also the exterior angle FDC is equal to the in 
opposite angle EAB, ~ 


therefore the triangle FDC is equal to the tri 
; BCF take the 1 


From the whole figure A 
4 take 









Because 


























G 


nS an. on equal bases BC, 
parallels AH, BG: 
the tha reoal ABCD be equal to the paral 


| EFGH. 
Join BE, CH. 
- ‘Then because BC is equal to FG; Hyp. 
met and FG is equal to the opposite side EM; i 34. 
; therefore BC is equal to EN: Az. 1. 


and they are also parallel ; Hyp. at 
e BE and CH, which join them tow ards the same 
are also equal and parallel. 1. 33. 
- Therefore EBCH is @ Pisa. parallelogram. Def. 26. . 





ABCD is equal to EBCH ; 


—— tl 
1. 39. : 















n EFGH is equal to EBCH; 
same base EH, and between the same 
1. 35. 












ABCD is equal to the lk 
Az. 1. 
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a le Aa ograms of equat altitudes, that is the greate 
n & phe yet é a — of roo porallalagrams 
ena pe ar sokich has Sie gemma 


Proposition 37. THEoREM. 


Triangles on the same nd between the same paral- 
lels, are equal in area, mer - 


E A D F 


8 Cc 


Let the triangles ABC, OBC be upon the same base BC, 
and between the same parallels BC, AD. 
Then shall the triangle ABC be equal to the triangle DBC. 
Construction. Through B draw BE parallel to CA, to 
meet DA produced in E; se 
through C draw OF parallel to BD, bone no predcdin 
Proof. Then, by construction, each of the 


OBCF is a parallelogram. 
‘And EBCA is equal to DBOF; 


for they are on the same base BC, and between, the sama 
BC, EF. 

And the triangle ABC is half of the parallelogram -BC 
for the diagonal AB bisects it. 


Also the triangle DBC is half of the pal 


for the diagonal DC bisects it. — 
But the halves of equal to the pals 
therefore the triangle ABC 18 ne | > 





































lye DEF be on equal bases BC, EF, 
parallels BF, AD: 
sll tho triangle ABC b ABC be equal to the triangle DEF. 


ee ee om peveliel 80 OF, oe 


rou BE Pe caaial bo ED, to meet AD produced i in " 
.. Pray. Then, reece, each of the figures GBOA, 
Def. % 
‘And GBCA is equal to DEFH ; 
ey are on equal bases BC, EF, and between me same 
Be m4 Mi BF, GH. . 
the Soe Ae is half of the parallelogram once 
the diagonal AB bisects it. t. 
the trang 0 DEF is half the parallelogram opie 
the diagonal DF bisects it. 1. $4 


| 
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Proposition 39. THEOREM. 


Equal triangles on the same base, and om the same side 
of it, are between the same parallels, 


A D 
B c 
Let the triangles ABC, DBC which stand on the same 
base BC, and on the same side of it, be equal in area : 
then shall they be between the same parallels ; 
that ia, if AD be }« ined, AD shall be parallel to BC, 


Construction. For if AD be not parallel to BC, 
if possible, through A draw AE parallel toBC, 1. 31. 
meeting BD, or BD produced, in E. 
Join EC. 
Proof. Now the triangle ABC is equal to the tri pawn 
for they are on the same base BC, and between : 
parallels BC, AE. | 
But the triangle ABC is equal to the triangle acti 
therefore also the triangle DBC is equal to the 
the whole equal to the part ; which is impossible. 


Therefore AE is not parallel to 
Similarly it can be shewn that no other padre line 







it the oak of equal things are equal: Ax. 7. ° 
‘ ee wang ABO is equal to the ‘oreoaia DEF. through A, except AD, is parallel to BC. i 
: Q-E-D, Therefore AD is parallel to BC, coed 
‘ — pate on From this Proposition it follows that: ay 
Equal triangles on the same base have equal alti 








a 


EUCLID’S ELEMENTS, eg 





Proposition 40. THrorem. y 


and on the same side of it, SU tlaGn de ane SOUT 


A D 





Let the triangles ABC, DEF which stand on equal bass 
oy gt in the same straight line BF, and on the same silt 
of it, be equal in area : 

then shall they be between the same parallels; 
that is, if AD be joined, AO shall be parallel to BF. 
Construction. For if AD be not parallel to BF, 
if possible, through A draw AG parallel to BF, 1% 
meeting ED, or ED produced, in G 
Join GF. 














Now the triangle ABC is equal to the triangle GEF, 
nd between the 
1. 38) 


for they are on equal bases BC, EF, a 
same parallels BF AG. 
But the triangle ABC is equal to the triangle DEF : Hyp 
also the triangle DEF is equal to the triangle GEF: - 
: the whole equal to the part ; which is impossible. ‘ 
- Therefore AG is not parallel to BF. 
it can be shewn that no other straight line 


Equal triangles on equal bases 


: orarapied AD, i lel to BF 
13 , 18 . 
By tre AD is parallel to BF. 
Q.£.D. 
this Proposition it follows that: 
equal altitudes t 
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EXERCISES ON PROPOSITIONS 37—40. 


Derixition. Each of the three straight lines which join 
fhe angular points of a triangle to the middle points of the 
oF posite sides is called a Median of the triangle. 


on Pror. 37. 
Ls die in the figure of Prop. 37, AC and BD intersect in K, shew that 
(i) the triangles AKB, DKC are equal in area. 
(ii) the quadrilaterals EBKA, FCKD are equal. 
2, In the figure of 1. 16, shew that the triangles ABC, FBC are 
@ynal in area. 


8. On the base of a given triangle construct a second triangle, 
ral in area to the first, and having its vertex in a given straight 


‘. Describe an isosceles triangle equal in area to a given triangle 


i stas n the same base 
ox Prov, 38. 


5. A triangle is divided by each of its medians into two parts of 
@qual area, 

6. A parallelogram is divided by its diagonals into four triangles 
of equal area. 

7. ABC is a triangle, and its base BC is bisected at X; if Y 
fe any point in the median AX, shew that the triangles ABY, ACY are 


@qjual in area. 

8. In AC, a diagonal of the parallelogram ABCD, a X is 
taken, and XB, XD are drawn: shew that the triangle is equal 
S the triangle DAX. 

9. If two triangles have two sides of one respectively equal to two 
sides of the other, and the angles contained by those sides supplement- 
ery, the triangles are equal in area. 


on Prop. 39. 


10. The straight line which joins the middle points of tee sides of 
@ triangle is parallel to the third side. > 
ll. If two straight lines AB, CD intersect in O, 80 that the 
AOC is equal to the triangle DOB, shew that AD and CB are 


on Prov. 40. 


12, Deduce Prop. 40 from Prop. 89 by joining AE, AF in the 


figure of page 72. 


<s 




















c 


ABCD, and the triangle EBC be 
» base BC, and between the same parallels 


the parallelogram ABCD be double of the triang!e 


io Join AC. 
Then ABC is equal to the triangle EBO, 
Hoag on the same base BC, and between the same 
s BC, AE. 1. OF, 


ABCD is double of the triangle ABC, 
» diagonal AC bisects the parallelogram. 1 34, 
or hbo ABCD is also double of the 


Q.E.D. 

















ee eo paint XY, or XY 

, or 
4 —-* 
‘ pagar 


Gna it has one of its angles CEF equal to the given ang 


“¢) 
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Proposition 42. Prosprem. 


— To describe a parallelogram that shall be equal to a given 


Pieng!e, ond hen one 


Let ABC be the given triangle, and D the given angle. 
Tt is required to describe a parallelogram equal to ABC, and 


having one of its angles equal to D, 


Construction. Bisect BC at E. 1 10. 
At E in CE, make the angle CEF equal tod; L ss. 
rough A draw AFG parallel to EC; t Si. 


and through C draw CG parallel to EF. 
Then FECG shall be the parallelogram 
Join AE. 
Proof. Now the triangles ABE, AEC are equal, 
for they are on equal bases peace 


parallels ; 
therefore the triangle ABC is double of the triangle AEC. 


But FECG isa parallelogram by construction ; Def. 26. bi 
and it is double of the ae AEC, . qe | 
for they are on the same base EC, between the same 1 
parallels EC and AG. 1 41, 
Therefore the parallelogram FECG is equal to the tolongie 


ABC; 




















ee” _Derrinirion Tf in the diagonal of a m a 
> a "a n y 
% point is taken, and straight lines are dave ~ mat it 
Parallel to the sides of the parallelogram; then of the four 
ae into which the whole figure is divided, the 
__ two through which the diagonal passes are called Paral- 
ih lelograms about that diagonal, and the other two, which 
' with these make up the whole figure, are called the 
complements of the parallelograms about the diagonal. 


Thus in the figure given below, AEKH, KGCF are parallelocrams 
about the diagonal AC; and HKFD, EBGK are the complements of 
those parallelograms. 





is often named by two letters only, these 


Norr. A parallelogram 
being placed at opposite angular points. 


Proposirion 43. THeoren. 


The complements of the parallelograms about the diagonal 
| of any parallelogram, are equal lo one another. 


A__H D 










B 
le- 
ABCD be a parallelogram, and KD, K8 the comp 
of ep “EH, GF about the diagonal AC: 
shall com: t BK be equal to the comple- 
re ou . . 
10 Because EH is a parallelogram, and AK its diagonal, 
fo the triangle AEK is equal to the triangle AHK. I. 34. 
‘similar reason the triangle KGC is equal to the 


triangles AEK, KGC are together equal to the 





BOOK IL. PROP, 44. 77 
Fiat the whole triangle ABC is equal to the whole triangle 
ADC, for AC bisects the parallelogram ABCD ; 1. 34, 
therefore the remainder, the complement BK, is equal to the 
remainder, the complement KD, QED. 
EXERCISES. 


In the figure of Prop. 43, prove that 
(i) The parallelogram ED is equal to the parallelogram BH. 


(ii) If KB, KD are joined, the triangle AKB is equal to the 
triangle AKD. 


Proposrtion 44. Prosiem. 


To @ given straight line to apply a parallelogram which 
l be equal toa given triangle, and have one of its angles 
J do a cwwen angie 


eg 





Let AB be the given straight line, C the given triangle, 
and D the given angle. 

It is required to apply to the straight line AB a paral- 
TelGgram equal to the triangle C, and having an angle equal 
to the angle D. 

Construction. On AB produced describe a 
BEFG equal to the triangle C, and having the EBG 
eqtal to the angle D; 1. 23 1. 42*, 
through A draw AH parallel to BG or EF, to meet FG pro- 

duced in H. 1. 31. 
Join HB. : 


* This step of the construction is effected by first describing 


on AB 
epee te 
Gilingls 20 Ainwn, and having an angle equal to 42). 





= 


Proposition 45. Propiem. 


To describe « perelclogvem guslisiasiiaicas = 
Sigure, and having an angle equal toa given engl, ep | 












. L . 
us “Ls he } 
AH and EF are parallel, and HF mec' t 2 
AHF, HFE are together equal oa =o [- 
BHF, HFE are together less than two ! . hls, | 


and FE will meet if produced toward by : Let ABCD be the given rectilineal figure, and E the 















& 1s ° 
given angle 
Produce them to meet at K. | Tt is required to deseribe a parallelogram equal to ABCD, 
K draw KL parallel to EA or FH; 1 SI. and having an angle equal to E. 
GB to meet KL in the points L and M. | Suppose the given rectilineal figure to be a quadrilateral. 
HA, be the parallelogram required, 
shall BL “eg canal Conctrwetion, Join BD. -" 
HLK is a elogram, be . Deseri e parallelogram FH to ‘trial 
2 Pie Eeerlements of the parallelogram’ and having the es FKH sarites gle 
B, BF are HK: 5 To GH apply the parallelogram GM, equal to { 
it the LB is equal te BF. 1. dy. DBC, and having the angle GHM equal to E. 
: 2 © is equal to BF; Conat?.. > Then shall FKML be the parallelogram r 
> tie a * is equal to the triangle or ae P Proo/. Because each of the angles GHM, FKH is equal to E 
therefore ~> to the vertically a 3 a therefore the angle FKH is equal to the angle GHM. 
» the angle GBE is equal a. | le To each of these equals add the angle GHK; 
A then the angles FKH, GHK are together equal to the angles _ 





iy, aaa ' 7 fe 
7 ABM, le D; C= ; 
Sa to the ang GHM, GHK. Mie 













the le D. 2 
equal to ~ agers i are parallel, and KH meets 
has . refore the angles FKH, GHK are 
triangle ©, and Bee Tight angles: age 
’ re also the angles GHM, GHK are 
_ two right angles : a . 


Cc 

hem 
G are parallel, and HG meets t iy 

the eco pec MHG, HGF are equal : 1 2 
: neh of these equals add the angle veut }. 
+ plore MHG, HGL are together to the ang i 

lal M, GL are el, and HG meets them, 

re the en saa, HGL are together eqhl’ 
: right ange angles HGF, HGL are together equal 


; 14 













are in the same straight line. 
ML are each parallel to HG, 
KF is parallel to Mt; Conate 
and KM, FL are parallel : . Def. 26 
therefore FKML 1s ph is equal to the triang!* 
the parallelogram Constr. 
; : DBC ; 
1 GM to the triangle a 


he whole parallelogram ~ ‘ 
it has the cate FKM equal to the angle 


=, og mey, z 4 

of similar steps a parallelog™ than fo \- 

a rectilineal figure of Q.EE. we 
= 


1 toa 





* a 


‘therefore each of the angles DEB, EBA is ar 


BOOK L PROP. 46. 


Proposirion 46. Prose. 


To describe a square on @ given straight line. 





Cc 
D E “i 
A 8 


Let AB be the given straight line: 
it is required to describe a square on AB. 



















Consti From A draw AC at right angles toAB; L 11. 
and make AD equal to AB. Pe a: 
Through 0 draw DE to AB; t 31. 
and through B draw BE to AD, meeting DE in E. 
Then shall ADEB be a square. + 0 le 
‘ = 


But AO is equal to AB; 
therefore the four straight lines AB, AD, DE, EB 


to one another; 


that is, the figure ADEB is equilateral, = 

Again, since AB, DE are parallel, and AD meets them, 

therefore the angles BAD, ADE are together equal to two — 
right angles ; 1 23. 

but the angle BAD is a right } Jon 

therefore also the angle ADE is a right angle. 

And the opposite angles of a parallelogram are 

that is the figure ADEB is rectangular. 

Hence it is a square, and it is deser ‘ 




























te ee a 
A : _ ey BOOK I. PROP, 47. 






-& Then in the triangles ABD, FBC, 
Be AB is equal to FB, . 
Teateiie * WP Becase and BD is equal to BC, ™, 
F also the angle ABD is equal to the fac; 7 
the described na therefore the triangle ABD is equal to the FBC. 1.4. 
to the sum of the squares described @ Now the parallelogram BL is double of the ABD, 
for they are on the same base BD, and between same 
parallels BO, AL. 1 41. 


And the square GB is double of the triangle FBC, 
for they are on the same base FB, and between the same 


parallels FB, GC. t. SE, 
But doubles of equals are equal : Az. 6. 


therefore the parallelogram BL is equal to the square GB. 
In a similar way, by joining AE, BK, it can be shewn 


7 


that the parallelogram CL is equal to the square CH, 
Therefore the whole square BE is equal to the sum of the 
" Squares GB, HC: 


7 that is, the square described on the hypotenuse BC is " 
" ta the sum of the squares described on the two 
atiaet JRA, AC. QED 







Horr. It is not to the proof of this Pr 

ail having the ang’s EhgiPsree squares should be described externel 60 ie 
BC be end since each square may be drawn either towards or 

bed on the hypotenuse . een wey be chown, Guat Senter 







ay dose described on BA, *S: 


Pe poec; *'%» 
: ee eerie Oe a naar, eect. 
ribe the 8 p $l. 


to BD or CE; 


ae 









1. In the figure of this Proposition, shew that 

(i) If BG, OW are joined, ans Sess a 
: . _ (ii) The points F, A, K are in one strai 2 
ee (iii) FO and AD ore sh iehassalall ne 8 











Oo a eee ABFG, 


Petras sac equilateral triangles BC 
all externally, or all towards the 
Y, OZ are all equal. tian ; | 
ure described on the diagonal of a given square, 1 
ABO is an equilateral triangle, and AX is the perpen 
from hi BC: shew that the omaare on AX is three times | 
on BX. 14 













Desoribe a square equal to the sum of two given siuares j 


the vertex A of a triangle ABC, = is drawn ones 
a nis that the difference of t © squares on the sidts 
: the difference of the squares on BX and OX 


pote © within a triangle ABC, perpendics . 
1 fee eas AZ, OX OF 
the ta A equa: 
in Se ap ts AY, CX, BZ. 


squares on the segmen 


yposITION 47. ALTERNATIVE Proor 





BOOK I. Prop. 47. “a 


On AB describe the 
From, Fo and GA cut off ne = GK, each cal 
to 
On GK describe the square GKEH : ie 
straight line. % 


then HG and GF are in the same 
Join CE, ED, DB. 


It will first be shewn that the figure CEDB is the square on CB. 


Now CA is equal to KG; add to each AK: 
therefore CK is equal to AG. 
Similarly DH is equal to GF: 
hence the four lines BA, CK, DH, BF are all equal. 


Then in the triangles ~~ CKE, 
BA is equal to C 
Bebense and AC is equal to RE; Constr. 
also the contained angle BAC is “equal to the contained 
angle CKE, being night angles; 
therefore the triangles BAC, CKE are equal in all respects. 4 
Similarly the four triangles BAC, CKE, OHE, BFD may be shewn 
to he equal in all respects. 
Therefore the four straight lines BC, CE, ED, OB are all equal; 
that is, the figure CEOB is eq 


Proved. 


then the gle OBO is etl fo te angle ABE: 

pase onde. 

Hence the figure is the square on Def. B. 
And EHGK is equal to the square on AC. 


Now the square on CEDB is made up of the two triangles 
therefore the square ED is el to the tangle 
pea: wih oe rectilineal figure ; = 
t these make up the squares EHGK, AGFB: 
henge the wjuare CEDB in equal to the sum of the aquares 
that is, the square on the hypotenase BC is equal to the sum Of : 
squares on the two sides —— 











Obs. The following of a pa t 
formally enunciated by = sub 
“soem [See 1. 48.] ~———a Si 


















EXERCISES ON BOOK I 


ON THE IDENTICAL BQUALITY OF TRIANGLES, 


1. If in a triangle the icular from the vertex on the base 
bisects the base, then the is isosceles. 

2, If the bisector of the vertical angle of a triangle is also per- 
pendicular to the base, the triangle is isosceles. 

8. If the bisector of the vertical angle of a triangle also bisects 
the base, the triangle is isosceles, 

[Produce the bisector, and complete the construction after the 
manner of 1. 16.) 

4. If in a triangle a pair of straight lines drawn from the ex- 
tremities of the base, making equal angles with the sides, are equal, 
the triangle is isosceles. 


If triangle the perpendiculars drawn from the a 





; a ; and let the square described on 
‘to the sum of the squares described on BA, AC: 
shall the angle BAC be a right angle. 
on. From A draw AD at right angles to AC; 1.11. 
and make AD equal to AB. 13 
Join DC. 
Proof. Then, because AD is equal to AB, Constr. 
erefore t on AD is equal to the square on AB 
z. > Zo of these add the square on CA; 
‘the sum of the squares on CA, AD is equal to the sum 
Oo ag sage ight angle, Constr 
sause the DAC is a right ang’ 
@ square on DC is equal to the sum of the  . 
1. 47. 
on BC is equal to the sum 


he base to the opposite sides are equal, the triangle is isosceles, 
6. Two triangles ABC, ABD on the same base AB, and on om 
sides of it, are such that AC is equal to AD, and BC is equal to 3 


it 





shew that the line joining the points C and D is perpendicular to 
7. ABC isa in which the vertical angle BAC is bisected 


straight line $ 
wines it to meet AC, sx AG produced, in Ey then shew that BD is 


equal to DE. 7%. 

8. In a quadrilateral ABCD, AB is equal to at ses BC is 77 
to DC; shew that the diagonal AC bisects each of the angles it. 
joins. wes. 

9. Ina quadrilateral ABCD the opposite sides AD, BC are ag 
and also the diagonals AC, BD are equal: if AC and BD intersect | 
K, shew that each of the triangles AKB, OKC is isosceles, 

10. If one angle of a triangle be equal to the sum of the other two, 
ou eee | 
opposite le. | 





















_ 
C is equal to the square on BC: 

DC is equal to the side BC. : 
‘iangles DAC, BAC, a. 
















ON PARALLELS AND PARALLELOGRAMS, 


re ir ee a 
rn 11. If a straight line meets two parallel ight lines, 
_ two interior angles on the same side are on ee 
meet at right angles. [1. 29, 1. 82.) ele. eae 
aig tee re ee a 
3 . “ah F 


the resulting figure is a 
















ht line which meets two >. 
them, is equidistant trom the 


> om two 
ed; shew that any other 
and terminated by the 


Hels and terminate 
i eee 


igh a point equidistant from two parallel straight lines, 
are drawn cutting the parallels, the portions of the 
pted are eq) 


and CD are two given 
find 
























4 ht limes, and X is a give 
H a point Y in AB such YX may be equal to th 
rv distance of Y from CD. 
C is an isosceles triangle; required to draw a straight lins 
and meeting the equal sides in D and E, 
may be all equal. 
t line drawn through the middle point of a side of 
the base, bisects the remaining side. 
tone the middle points of two sides 
side. 

joins the middle points of two sides 
equal to half the third side. , 
that the three t lines which join the middle point# 
of a triangle, divide it into four triangles which aré 


drawn from the vertex of a triangle to the 
gly line which joins the middle points oj 


given straight lines, and P is a given point 
to draw through P a straight line 


, and X, Y are the middle points of 
BC: shew that BX and DY trisect the dia 


dl ee of adjacent sides of any quadrilateral be 
’ isa 


Pe 





\ 
\ EXERCISES ON BOOK L 89 


98, Bisect a parallelogram by a straight line drawn through a 
given point. 

29. Bisect a parallelogram bya straight line drawn perpendicular 
to one of its sides. 

30. Bisect a parallelogram by a straight line drawn parallel to a 
given straight line. 

31. ABCD is a trapezium in which the side AB is parallel to DC. 
Shew that its area is equal to the area of a formed by 
drawing through X, the middle point of BC, a ight line parallel 
to AD. [r. 29, 26.) 

82. If two straight lines AB, CD intersect at X, and if the — 
lines AC and BC, which join their extremities, are parallel, shew 
the triangle AXD is equal to the triangle BXC. 

83. If two straight lines AB, CD intersect at X, so that the 
triangle AXD is equal to the triangle XCD, then AC and BD are 
parallel. 

84. ABCD is a parallelogram, and X any point in the diagonal 
AC produced ; shew that the triangles XBC, XOC are equal. [See 


Ex. 13, p. 64.) 

idle points of the sides of a quadrilateral be 
imorder, the parallelogram so formed [see Ex. 25) is equal to half the 
given figure. 


MISCELLANEOUS EXAMPLES, 


86. A is the vertex of an isosceles triangle and BA is p 
duced to D, so that AD is equal to BA; if DO le dawn, shew tsi 
BCD is a right angle. et 
87. The straight line joining the middle point of the 18e 
of « right-angled triangle to the right angieis equal to half 


ra From the extremities of the base of a triangle perpendigalans— 
are drawn opposite sides (produced if necessary); shew that the 
stra.cht lines whick join the misile of the 

apt) point tase Gus beaten ae 


39. In a triangle ABC, AD is drawn 





maexX, Y, Z are the middle points of the sides BG, CA, AB 
“shew that each of the angles ZXY, ZDY is equal to the angle! 


m 





EUCLID’S ELEMENTS, J 


a : 
ates the bisectors of the angles of a triafigle meet i 


43, Shew that ) 
ig gel the bisectors of two exterior angles of a triangle 


Ee : ng Tee et the medians of a triangle meet in one point, 
: 4 a e C, if AC is not greater than AB, shew that 
a eight ine dawn honeh the vertex A, and terminated by fie 


46. ABC isa triangle, and the vertical angle BAC his } 
bya straight line which meets the base BC in he shew that ry 
gad than BX, and CA greater than CX. Hence obtain a proof oP 









47. The perpendicular is the shortest straight line that can 

i from & given point to a given straight line; and of other 
that which is nearer to the perpendicular is less than the n 

remote; and two, and only two equal straight lines can be dra 


Pye the given point to the given straight line, one on each sid 
perpendicular. 


z 48. The sum of the distances of any point from the three angus 
; points of a triangle is greater than half its perimeter. 





re 


49. The sum of the distances of any point within a triangle fr 6 


its angular points is less than the perimeter of the tr jangle. 
50. The perimeter of a quadrilateral is greater than the sum of 


51. In the figure of 1. 47, shew that 
(i) the sum of the squares on AB and AE is equal to the « 
of the squares on AC and AD. ae 


(ii) the square on EK is equal to the square on Adee) fon 
? times the square on AC. ’ 


(iii) the sum of ares On ER ‘Seu cD is equal to 
the square on BG. 
“y wo right-angled triangles which have their hypotent 










and one side of one equal to one side of the other, are ide 
| i i i zle trisect & 
68. Use the properties of the equilateral triangle to 
ves i { the angles 

4, Construct a triangle having given the base, one of the 
at the base, and the sum of the remaining sides. 4 : 
73 Construct a triangle having given the base, one of the angles 
an and the difference of the remaiming sides. 





> CLAY AND SONS, LIMITED, LONDON AND BUNGAY. 


sibs 






